Abstract. In a recent paper K. Lange has proved that the decomposition of a stochastic kernel into a continuous and discontinuous part yields kernels again. In the present paper, the author gives a short proof of this theorem and establishes a more general decomposition theorem. Finally, a counterexample shows that in general the Lebesgue decomposition of a kernel does not produce kernels.
Plainly, yt->/t(y,-), i = 1, 2, are kernels. We now give a short proof of a decomposition theorem of K. Lange [4, Theorem 8] , without using the Fell topology. For a finite measure ju. over (R", 93") let (ix be the part with discontinuous distribution (or ¡ix = 0) and jn2 the part with continuous distribution function so that ¡ix is singular with respect to all measures with continuous distribution. See [4] .
be a kernel and ¡i(y,-) = nx(y,-) + l*-2(y,-) be the decomposition described above. Then y^>i¡.j(y,-) (J = 1, 2) are kernels.
Proof. We show: jun^ is (93"*, 93"*) measurable. Choose A = 93", 2, = "T 'C8)> with "i trie ith projection. Let ^ be the second part of the decomposition of Lemma 1 with /x^-Lv for all v which are concentrated on the hyperplanes given by îr,--1({c}) for c E R. The function <p,: \i -» ¡x^ is measurable. Hence <p : = <px ° <p2 ° ' ' ' ° <Pn is measurable and <p( ju) = ¡i2.
See [4, Theorem 3] . □ Remark. The proof of Theorem 2 holds in a more general case. Let 2 be countably generated and for an integer n let ®"=x 2 denote the product-a-field on the product! space X"_, X. It may be assumed that the atoms of 2 consist only of single points x E X. Then the decomposition of a kernel into a part which lies on the sets 7t,_1({x}), i = 1, . . ., n, x E X, and a second part equal to zero on those sets yields kernels.
Example. Let / be a measurable function from an arbitrary measurable space (A', A) into a countably generated space (Z, 2'). In the situation of Lemma 1 2 can be chosen as/-'(2').
For example let / from R" to R be the euclidean norm. Then for every kernel it is possible to split off that part of the kernel which gives positive mass to spheres centered at that origin.
Counterexamples. For countably generated measurable spaces K. Lange [4] has proved a Lebesgue decomposition theorem for kernels. Here is an example which shows that this theorem is not true in general. The decomposition of a kernel into a discrete part and another part, whose measures are singular with respect to all measures with this property does not in general yield two kernels. Choose the kernel ¡i(y,-) as above. Then the discrete part IE(y)8y is not a kernel. In [3] K. Lange deals with A*-measurable sets of measures. Let L = [8y: y E R) u {t>} carry the restricted a-field A*,.
